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Abstract. The PHOTOS Monte Carlo program is often used for the simulation of experimental, selection-
sensitive, QED radiative corrections in decays of Z bosons and other heavy resonances and particles. The
present paper will be devoted to those parts of the next-to-leading order corrections for leptonic Z decays
which are normally missing in PHOTOS. The analytical form of the exact and truncated, standard , kernel
used in PHOTOS will be explicitly given. The correction, being the ratio of the exact to the approximate
kernel, can be activated as an optional contribution to the internal weight of PHOTOS. We will quantify the
numerical effect of the approximation with the help of a multitude of distributions. The numerical size of the
effect is in general below 0.1%; however, in some corners of the phase space (well defined and contributing
less than 0.5% to the total rate), it may reach up to about 20% of their relative size.

1 Introduction

With the approaching start-up of the experiments at LHC,
the urgency to quantify systematic uncertainties of the
generators, used in the interpretation of the data, is becom-
ing pressing.
A well-defined class of theoretical effects consists of the

QED radiative corrections. PHOTOS is a universal Monte
Carlo algorithm that simulates the effects of these correc-
tions in decays of particles and resonances. It is a project
with a rather long history: the first version was released
in 1991 [1], followed by version 2.0 [2] (double emission,
threshold terms for fermions). The package is in wide
use [3]: it was applied as a precision simulation tool forW
mass measurement at the Tevatron [4] and LEP [5, 6], and
for CKM matrix measurements in decays of K and B res-
onances (NA48 [7], KTeV [8], Belle [9], BaBar [10] and at
Fermilab [11]).
Throughout the years the core algorithm for the gener-

ation of O(α) corrections did not change much; however,
its precision, applicability to various processes, and numer-
ical stability improved significantly. New features, such as
multiple-photon radiation or interference effects for all pos-
sible decays, were also introduced.
Growing interest in the algorithm expressed by the ex-

perimental collaborations (including the future LHC ex-
periments) and its applications in analysis of the measured
experimental data was a motivation to perform a more de-
tailed study of the potential and precision of the PHOTOS
algorithm.
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The present paper is the third in a series [12, 13]. It is de-
voted to the Z boson decay (namely the e+e−→ Z0/γ∗→
µ+µ−(γ)process), and to simplifications in thematrix elem-
ent used in PHOTOS for that channel. Thanks to complete
phase-space coverage in the program, it is possible to im-
plement with no approximations the exact matrix element
for any decay channel. To calculate the complete matrix
element for, say, the Z decay, however, additional informa-
tion such as the effective Born-levelZ/γ∗ couplings or beam
directions need to be provided. Its implementation would
havemade thePHOTOS solution lessmodular and thus less
convenient for the users. That is why we choose to explore
numerically the limitations originating from the compro-
mises introduced into the PHOTOS bremsstrahlung kernel
and remainwitha solutionwhichassures convenience ofuse;
process-dependentweightmay still be avoided.
The paper is organized as follows. In Sect. 2 the main

properties used in the PHOTOS design and, in particu-
lar, the analytical form of the (NLO) weight, necessary
to introduce the complete first-order matrix element, are
presented. In Sect. 3, those aspects of the program con-
struction which are relevant to the use of the NLO weight
with multiple-photon generation are briefly presented. In
Sect. 4 the method used for numerical comparisons is ex-
plained. Section 5 presents the results of numerical tests of
PHOTOS, performed at fixed first order of the QED ex-
pansion. Since the program uses the same building block
for a part of the single-photon generation algorithm and
for the multiple bremsstrahlung, the results presented in
this section provide a technical test of the main building
block of multi-photon radiation in PHOTOS. These results
are compared later with the ones of the tests for multiple-
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photon simulation of PHOTOS, collected in Sect. 6. A
summary, Sect. 7, closes the paper.
Section 2 explains also how the inclusion of complete

matrix elements breaks the separation of the final-state
bremsstrahlung effects from the Born-level scattering de-
scription, making the algorithm less flexible.
Finally, some readers may find in Sect. 2 the material

for a discussion of the PHOTOS matrix element and of the
Monte Carlo phase-space algorithm, possibly stimulating
understanding of the practical solutions of the improved
expansions for description of multi-body final states. Some
aspects of our solution resemble those of classical exclu-
sive exponentiation as described in [14, 15]; in the others,
similarities to the parton shower may be identified. It may
be understood as a rearrangement of the QED perturba-
tion expansion; yet this point will not be discussed here.
Instead, let us point out some similarities of the PHOTOS
solution to the methods discussed elsewhere: the interac-
tion picture of quantum mechanics, expansion of special
functions around asymptotic solutions [16] or in field the-
ory [17]. In PHOTOS the expansion is performed in terms
of multidimensional operators. The detailed phase-space
parametrization (which can be found in [28]) is essential to
understand the details. A multitude of footnotes is devoted
to that less focused topic of our paper.

2 Phase space and matrix element

To discuss the implementation of the complete first-order
QED radiative corrections in Z decay, we need detailed
parametrization of the phase space. In the early papers on
PHOTOS[1, 2] thequestionof thephase-spaceparametriza-
tion was not covered in sufficient detail and, in particular,
the correctness and completeness of the multi-body phase
space implemented in the program was not emphasized.
Recently, this point has been discussed in detail in [28]: var-
ious parts of PHOTOSMonte Carlo weights responsible for
phase spacearegivenexplicitly there.Wewould like to stress
that the phase-space-related weights are fully separated
from the ones for the matrix element (the latter contain-
ing different types of approximations). All terms depending
on masses of final-state particles are explicitly given in the
phase-space parametrization; this essential part of the algo-
rithmdescriptionwill, however, not be described here.
Let us write the explicit form of the real-photon matrix
element (for the first time separated from the phase-space
Jacobians), as used in the standard version of PHOTOS
(as published in [1, 2]) for the e+e−→ Z0/γ∗→ µ+µ−(γ)
process:

XPHOTOSf

=
Q′2α(1−∆)

4π2s
s2

{
1

k′++k
′
−

1

k′−

× (1+(1−xk)
2)
dσB
dΩ

(
s,
s(1− cosΘ+)

2
,
s(1+cosΘ+)

2

)

×
(1+β cosΘγ)

2

+
1

k′++k
′
−

1

k′+

× (1+(1−xk)
2)
dσB
dΩ

(
s,
s(1− cosΘ−)

2
,
s(1+cosΘ−)

2

)

×
(1−β cosΘγ)

2

}
, (1)

where Θ+ = � (p+, q+), Θ− = � (p−, q−); Θγ = � (γ, µ
−) is

defined in the (µ+, µ−) pair rest frame. It is to be compared
with the exact expression, taken from [21]:
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In the presented formulae we follow the notation from [21]
(where the interested reader may find details of the defini-
tions of all variables and expressions), in particular:

s= 2p+ ·p− , s
′ = 2q+ · q− ,

t= 2p+ · q+ , t
′ = 2p+ · q− ,

u= 2p+ · q− , u
′ = 2− · q+ ,

k′± = q± ·k , xk = 2Eγ/
√
s . (3)

The ∆ term encapsulates final-state mass-dependent
terms; p+, p−, q+, q−, k denote four-momenta of incoming
e+, e−, outgoing µ+, µ− and the bremsstrahlung photon
respectively.
The ratio of (2) to (1) constitutes the upgrade of

PHOTOS to the complete first order.1 Nothing needs to
be changed in the phase-space parametrization; yet the ef-
fects of the virtual corrections have to be included in the
normalization. The combined effect of the virtual and real
corrections on the total rate is an increase by a factor of
1+ 34

α
π
. The expression for the correcting weight could be

defined2 as

WT=
Xf

XPHOTOSf

1(
1+ 34

α
π

) . (4)

For the purpose of constructing a Monte Carlo algorithm,
however, it is more convenient to separate the generation
into a sum of two branches (with slightly different angular
variable mapping). The expression, properly normalized

1 This is only true for PHOTOS being run at first order.
For the multiple-photon radiation option, the iteration of the
single-photon emission kernel (and thus also its weight) is per-
formed; see Sect. 5.
2 Alternatively, a factor (1+ 34

α
π ) can be included in the

definition of the crude distribution.
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for virtual corrections, reads
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Instead of a single weight (4), two weights WT1 and WT2
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At this point let us make some remarks that may be of in-
terest only if one aims at future extensions of the presented
analysis. Even though the introduction of the NLO weight
into PHOTOS is trivial, the approximation developed [1]
at the heart of the PHOTOS design is not. It enabled uni-
versality of the program.3 Simplification was not necessary
to attribute the generation of bremsstrahlung photons to
individual charged particles.4 The separation holds for the
complete NLO as well.
The simplified emission kernels XPHOTOS 1,2f , which we

use for simulation of bremsstrahlung in PHOTOS for all

3 Indeed, after inspection, the differences between formulae
(1) and (2) are quite significant. The exact expression does not
allow one to transfer the complete Born-level angular depen-
dence to the host generator. In the correction weight, the two
contributions, one depending on the angle Θ+ and another on
Θ−, have to be simultaneously included. The dependence on
the Born-level (effective) couplings thus need to be known when
calculating the final-state bremsstrahlung weight. This would
make the modular structure of PHOTOS more difficult to keep.
Also, the direction of the (effective) beam would need to be pro-
vided to calculate theΘ+ and Θ− angles. This exhibits another
difficulty in the separation of the final-state bremsstrahlung
and the dynamics of Z/γ∗ production.
4 For other decays, it will probably not be necessary to find an
explicit form of such NLO separation. Starting from the NNLO,
such a separation was shown to be impossible [22] anyway.

other decays as well, can be easily identified in (1); let us
write them explicitly now:
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These emission kernels depend on the spin and charge of
the “emitting particle” only and do not depend on the
properties of the other decay products. Other decay prod-
ucts define the phase-space limits only.5 To obtain the
universal form of the photon emission kernel, the interfer-
ence term was eliminated with the help of the factor, either

2
(1+β cosΘγ)

or 2
(1−β cosΘγ)

. The interference was recovered

later, using the weight given in formula (17) of [2]; that is,
with an approximation. On the other hand, having paid
the price of the approximated solution, both the kernel and
the interference weight could be used for the decay of any
particle or resonance.
In the present study the process e+e− → Z0/γ∗ →

µ+µ− is discussed; both the approximate weight of [2] and
our formula (6) will be used. In principle, a similar study
can be performed for any other decay, if only a matrix
element is available. For decays such as B0→ π+K− an
analysis was already completed [28].

3 Algorithm for multiple-photon generation

The question of the use of the complete first-order matrix
element for the kinematical configurations, where more
than one hard photon is present, requires individual study
and verification. Such a discussion remains out of the scope
of the present paper. Nonetheless, let us comment on those
technical details of the PHOTOS algorithm that are im-
portant in the implementation of the NLO contribution to
the correcting weight.

5 In the original PHOTOS documentation we called this well-
controlled truncation of the kernel a “property (such) that
leading-log (collinear) and infrared limits are properly repro-
duced”. This explanation turned out to be misleading for many
readers. One can get biased and expect the collinear approxi-
mation not only for the kernel, but for the whole design of the
algorithm. This would be a serious limitation of our program
design if indeed, as suggested in [23], “PHOTOS was based on a
collinear approximation”. Fortunately this is not the case. Such
a confusion was not a concern for the users, until now: precision
requirements were not as high.
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The iteration algorithm, as explained first in [2], and
recently also in [12, 13], did not require changes at all.
However, some details of the implementation of the NLO
weight (formula (6)) need to be clarified. All identical
terms present in the numerator and denominator, expres-
sions (2) and (1), were cancelled analytically.6 The weight
(6) has to be calculated for the single-photon configura-
tion. If there are other photons generated in the previous
steps of the iteration, their momenta are absorbed into the
momenta of the final-state fermions, as explained already
in [2].

4 Method used in numerical tests

The definition of the validation strategy for the Monte
Carlo tool aiming at representing results of field theory cal-
culations, such as PHOTOS, represent a project in itself.
Several aspects need to be covered. Also, the requirements
of, say, experimental physicists analyzing precision data
will differ from those interested in the backgrounds for rare
process, or theorists interested in future extensions of the
methods applied in PHOTOS.
As we aim to show how the implementation of ex-

act first-order matrix element changes the prediction of
PHOTOS simulations, we chose the distributions which
can be used, and compared, not only in the case of sim-
ulations for single-photon emission, but also for multiple-
photon simulations. The method has to be insensitive to
the way how the soft singularities are regulated in PHO-
TOS and other programs used for the tests.
In our paper we will use the same method, based on

MC-TESTER [24], as in [13] to work for QED bremsstrah-
lung inZ/γ∗ leptonic decay. For convenience of the readers,
let us recall a brief definition of that method.
For selected decay processes, such as Z/γ∗ leptonic de-

cays, the four-momenta of the decay products and their
flavours are extracted (by MC-TESTER) from the event
record in an automated way. The decay events obtained
that way are classified in distinct decay channels, according
to the particles present in the final state. The histograms of
all possible invariant masses, which can be formed from the
decay products, are defined and filled for each identified de-
cay channel. At the end of the run they are stored in output
files.
For each decay channel the plots of the histogrammed

values are then produced; each plot presents two distribu-

6 The cancelled terms could have been calculated using
slightly different kinematical variables; the differences would
have appeared only in the case of more than one hard photon
present in the final state. In such a case the ratio of the terms
would not be equal to 1. These effects generally go beyond the
NLO, and in fact our choice was motivated by the comparisons
with the second-order matrix-element calculation, but without
necessary details. That is why an appropriate discussion of this
choice would require a detailed presentation of the second-order
matrix element. It would have to be similar, for example, to
the discussion of the extrapolation procedure as that described
in [26] for initial-state radiation in e+e−→ νeν̄e production.

tions, from the two distinctive runs, and a curve, which is
the ratio of the two normalized distributions. The shape
difference parameter7 is calculated to quantify the differ-
ence between the two simulations for the same process by
a single number.
If the results of different programs were compared

blindly, ambiguities due to differences in the treatment of
the soft-emission region and of the different boundaries
for the photon phase space (integrated analytically) would
arise. To prevent these ambiguities, the most convenient
solution was to introduce a technical regulator in the test
itself .
For our comparisons to make physical sense and remain

automatic, we had to remove the softest photons from the
final states. We defined zero-, one-, and two-photon topolo-
gies in the following way: we called the event “zero photon”
if there was no photon of energy (in a decaying particle’s
rest frame) larger than Etest = 1GeV. The “one-photon”
event had to have one (and only one) photon of energy
larger than Etest. If there were more than one such photon,
we called it a “two-photon” event. In the case where there
were more than two photons of energy larger thanEtest, we
considered only the two most energetic ones, and treated
the remaining (softer) ones as if they had not passed the
Etest threshold. For all the photons that did not pass the
Etest threshold we summed their four-momenta with the
momentum of the outgoing fermion of smaller angular sep-
aration. With the help of this procedure we divide the
phase space for two fermions and an arbitrary number of
photons into slots of 0, 1 and 2 distinguished final-state
photons.
In the paper we will use two variants of this test defin-

ition: test1 and test2 . The test2 is exactly as explained
above. In test1 , only one photon (the most energetic one)
will be accepted. The free parameter, Etest is chosen to be
1 GeV for all results presented in this paper.
Due to space limitations we will limit the presentation

of the results to branching fractions of final states differing
by the number of hard photons and SDP. Only two plots
of largest SDP per comparison will be shown. For the com-
plete set of comparison booklets we address the reader to
the preprint version of our paper or to the web page [29].
With respect to our previous publications, we decided

to modify the way in which the distributions are presented:
a logarithmic instead of linear scale is used in all plots. This
is to some degree against our choice of the SDP definition
used here. For some readers, however, this may look more
convenient, especially for cases of sharply peaked distribu-
tions. In the literature, to compare results from two dis-
tinct Monte Carlo programs it is quite common to present

7 The shape difference parameter (SDP), defined in [24],
quantifies the difference in shape of the histograms coming from
the two runs being compared. The SDP value is calculated sep-
arately for each histogrammed mass: it quantifies the exclusive
surface between the corresponding histograms (normalized to
unity) obtained from the two runs. The effects of statistical
fluctuations are appropriately subtracted. The maximum SDP
over all distributions for a given decay channel is taken and
printed in a summary table.
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Fig. 1. Comparison of standard PHOTOS and KORALZ for single-photon emission. In the left frame the invariant mass of the
µ+µ− pair; SDP= 0.00534. In the right frame the invariant mass of µ−γ; SDP= 0.00296. The histograms produced by the two
programs (logarithmic scale) and their ratio (linear scale, black line) are plotted in both frames. The fraction of events with hard
photons was 17.4863±0.0042% for KORALZ and 17.6378±0.0042% for PHOTOS

two distributions generated by the compared programs su-
perimposed on a single plot, often with a logarithmic scale.
Such a method was used, for example, in [23]. The method
is unquestionably sufficient, if one’s interest is limited to,
say, the collinear content of the results or other distribu-
tions of the intrinsically leading logarithmic type. In fact,
in all our plots the lines obtained from PHOTOS and ref-
erence Monte Carlos cannot be separated by the eye. The
inclusion of the third line representing the ratio of the two
predictions was thus essential.

5 Results of the tests performed at first order

Let us start with a comparison of PHOTOS and KO-
RALZ [25], both run at first order and without exponen-
tiation.8 The results from KORALZ are given by a red
(darker gray) line and from PHOTOS by a green (lighter
gray) line. (In the presentation of the results we use
the colour coding consistently in the plots, following the
methodology of MC-TESTER). The lines overlap almost
completely on all plots, and only the ratios of the his-
tograms (shown as black distributions) indicate that there
is indeed some difference. In all comparisons presented in
this section the samples of 108 events were used and test1 ,
as defined in Sect. 3, was employed.
As it can be seen in Fig. 1, PHOTOS predicts a frac-

tion of events about 0.15% larger with a photon (of en-
ergy above 1 GeV) than KORALZ. This difference, notice-
able thanks to our method, is not large. The differences
in the distributions reach about 15% in the areas of the
phase space containing photons of extremely large energies
and away from the direction of the muons. This difference
may potentially be of importance for experimental physi-

8 These results have been published (even though in different
form) in [13], yet they are repeated here to serve as a reference
for comparisons. This is true also in the case of Figs. 3 and 5.

cist interested in backgrounds for some signatures of new
physics.
Even though the agreement is amazing, it is yet im-

proved once the NLO term is included into the correction
weight of PHOTOS: the differences disappear below the
statistical error of 108 event samples and all over the phase
space! In the caption and plots of Fig. 2, we collect the
results using exactly the same method as previously dis-
cussed, but for the runs with the NLO correcting weight
activated in PHOTOS.
The agreement for the branching fractions (of events

with and without photons of energy larger than 1 GeV) is
better than 0.01% now! This indeed confirms that the ef-
fects that were missing previously are not only small, but
of theoretical origin.9

6 Numerical results of the tests performed
with multiple-photon radiation

Let us now turn to the tests of PHOTOS running in a
multiple-photon option. For that purpose we use again
test1 as defined in Sect. 3, and samples of 108 events gen-
erated by the KKMC generator with second-order matrix
element and exponentiation, and the multiple-photon ra-

9 This is important, as it provides a powerful technical test
of the generator. The kinematical variables used in PHOTOS
differ from those of KORALZ; four-vectors are used instead of
angles to parametrize the intermediate steps of the generation.
The differences could have indicated, say, consequences of ag-
gregation of rounding errors. Keeping in mind that similar lev-
els of agreement for muons were achieved for the multi-photon
version of PHOTOS and KKMC in the Z→ e+e− decay chan-
nel, we can confidently claim that PHOTOS has its numerical
stability under control. This was not the case for the early
versions of the program, and reaching that level of technical
reliability required a major effort.
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Fig. 2. Comparisons of improved PHOTOS and KORALZ for single-photon emission. In the left frame the invariant mass of the
µ+µ− pair. In the right frame the invariant mass of µ−γ pair is shown. In both cases differences between PHOTOS and KORALZ
are below statistical error. The fraction of events with hard photons was 17.4890±0.0042% for KORALZ and 17.4926±0.0042%
for PHOTOS

Fig. 3. Comparison of standard PHOTOS with multiple-photon emission and KKMC with second-order matrix element and ex-
ponentiation. In the left frame the invariant mass of the µ+µ− pair; SDP= 0.00409. In right frame the invariant mass of the µ−γ
pair; SDP= 0.0025. The pattern of differences between PHOTOS and KKMC is similar to the one of Fig. 1. The fraction of events
with hard photons was 16.0824±0.0040% for KORALZ and 16.1628±0.0040% for PHOTOS

diation version of PHOTOS, without NLO terms. The re-
sults are presented in Fig. 3.
The pattern of differences for the multi-photon runs of

PHOTOS andKKMC is similar to the one at the first order
(Fig. 1). The black line showing the KKMC-to-PHOTOS
histograms’ ratios indicates the differences mostly for the
configurations with hard photons; that is, for the regions of
phase space where histograms are sparsely populated. The
differences reach a few per cent in the corners of the phase
space contributing a few per mille to the total rate. The
discrepancies are below 0.1% with respect to the total rate.
Once the NLO weight in PHOTOS is activated, see

Fig. 4, the differences become even smaller, by a factor of
order of 50 (again, samples of 108 events were used). This
confirms that the main source of residual discrepancy be-
tween KKMC and standard PHOTOS, as seen in Fig. 3,
was due to the NLO terms missing there. This conclusion
seem to be contradicted by the “naked-eye” inspection of
Figs. 3 and 4, where the ratios look quite similar. There
is not much improvement at the very end of the distribu-

tions for the bins by more than 2 orders less populated than
dominant ones. On the other hand, for more populous bins,
the differences diminished.
Let us now turn to test2 , where configurations of up to

two hard photons are analyzed. We will firstly present the
results of a comparison of the standard multiple-radiation
version of PHOTOS with that of KKMC (with second-
order matrix element and exponentiation), followed by the
comparison of multiple-radiation version PHOTOS with
NLO weight and again with KKMC. Again, we drop most
of the plots and present only those, for two hard-photon
configurations, where SDP was largest, for the cases where
the NLO kernel was active in PHOTOS and the ones where
it was not. These are respectively invariant mass of µ+µ−

and of γγ pairs.
One can see from Fig. 5, that already for the standard

PHOTOS the agreement with KKMC is good. Residual
deficiencies are rather small also for the two hard-photon
configurations. From Fig. 6, one can conclude that the in-
clusion of NLO terms in PHOTOS improves the agreement
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Fig. 4. Comparisons of improved PHOTOS with multiple-photon emission and KKMC with second-order matrix element and
exponentiation. In the left frame the invariant mass of the µ+µ− pair; SDP= 0.0000249. In the right frame the invariant mass
of the µ−γ pair; SDP= 0.0000203. The fraction of events with hard photons was 16.0824±0.004% for KORALZ and 16.0688±
0.004% for PHOTOS

Fig. 5. Comparisons of standard PHOTOS with multiple-photon emission and KKMC with second-order matrix element and
exponentiation. In the left frame the invariant mass of the µ+µ− pair; SDP= 0.00918. In the right frame the invariant mass of the
γγ pair; SDP= 0.00268. The fraction of events with two hard photons was 1.2659±0.0011% for KORALZ and 1.2952±0.0011%
for PHOTOS

Fig. 6. Comparisons of improved PHOTOS with multiple-photon emission and KKMC with second-order matrix element and
exponentiation. In the left frame the invariant mass of the µ+µ− pair; SDP= 0.00142. In the right frame the invariant mass of the
γγ; SDP= 0.00293. The fraction of events with two hard photons was 1.2659±0.0011% for KORALZ and 1.2868±0.0011% for
PHOTOS
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with KKMC even further. Quantified in test2 with SDP, it
improves by about a factor of 6. This is encouraging, as for
some of the distributions, to improve, the inclusion of the
second-order matrix element seems to be imperative.
We also observed that for standard PHOTOS the dif-

ferences in the ratios are relatively large in the end part of
the µ+µ− pair mass. The differences consecutively grow for
an invariant mass below 30 GeV, from a few percent up to
about 35% at the lowest masses. The shape of this differ-
ence is similar to the one in the spectrum of µ+µ− mass in
the single-photon case (Fig. 1). Now the differences seem
to be larger by about a factor of 2. This somewhat naive
observation gets confirmed if NLO terms are switched on.
The difference between PHOTOS and KKMC improved
by about factor of 6 with respect to Fig. 5 where standard
PHOTOS was used. These differences, as can be seen in
Fig. 6, approach only 10% in the end part of the µ+µ− in-
variant mass spectrum. For the γγ invariant mass above
MZ − 10GeV, the differences approach about 15%. The
case of improved PHOTOS results remains similar to the
unimproved one. Quantified with SDP it actually increased
by about 10%.
The maximum of SDP calculated for all plots of test2

decreased by a factor of about 3, and only for the case of
γγ invariant mass it increased by 10%. For all other com-
parison plots (skipped in the paper but available in [29])
the individual SDP’s were smaller and decreased. The im-
provement is numerically not as striking as for the single
hard-photon configurations; this should be no surprise: the
complete second-order matrix element is missing, and it
is necessary to obtain even lowest order test2 observables
involving simultaneously two hard photons. The improve-
ment by a factor of 3 provides, however, a strong indica-
tion that the algorithm of iteration used in the generation
of consecutive photons works well from the perspective of
NNLO as well. The acoplanarity plots presented in [13]
demonstrate the NNLO performance of our algorithm as
well. We are not going to discuss this point here, but we
would rather leave it to a future discussion of the NNLO
content of our algorithm: this aspect goes beyond the pur-
pose of the present paper and the interest of most of PHO-
TOS users.
As much as for the NLO effects discussed in the

present paper, a new contribution to the PHOTOS cor-
recting weight would be needed for the NNLO. However
no changes in the phase-space algorithm would a priori be
required. The techniques of gauge-invariant separation of
the amplitudes into parts, as used for instance in [26], will
probably be necessary. They proved to be instrumental in
the implementation of the second-order matrix elements
for e+e−→ νeν̄eγγ into KKMC. The exclusive exponen-
tiation scheme of the KKMC Monte Carlo is prepared for
s-channel processes.
We have to admit that once the NLO terms were

switched on in PHOTOS, the difference with KKMC were
at the limit of being recognizable, even if samples of 108

events are used. For the case of the two-photon test, dif-
ferences due to the missing second-order matrix element
in PHOTOS can be observed; yet they are too small, and
do not have enough structure to explore their possible ori-

gin. A part of the differences may even originate from the
third-order LL terms (after integration), which are missing
in KKMC but are generated in PHOTOS in the process of
iteration. This makes a conclusion on the nature of NNLO
effects missing in PHOTOS rather impossible.
In any case, even for PHOTOS running with standard

options, the differences affect only a tiny fraction of the
Z decay phase space. Thus, we do not consider it to be
of much practical interest to continue the discussion or to
implement the missing terms. This could have been a par-
ticularly interesting aspect of the study for the attempts to
extend our algorithm to QCD.

7 Summary

To quantify the size of the NLO effects, which are nor-
mally missing in PHOTOS we reinstalled them into the
program, using the complete first-order expression for lep-
tonic Z decay. After the NLO correcting weight was in-
stalled, the differences between PHOTOS and KORALZ
(both run at first-order without exponentiation) were be-
low the statistical error of 108 events for all the distribu-
tions used in the tests. The agreement provides an im-
portant technical test for the two simulations. For the
case of multiple-photon radiation in PHOTOS, a compar-
ison with the KKMC generator [14] (exponentiation and
second-ordermatrix element used) was performed. The im-
plementation of the NLO terms in PHOTOS indicated an
improvement by a factor of about 50 for the observables
sensitive to a single hard photon in the final states and re-
mained at the level of better than 0.1% on the total rate
for all other cases we examined. Because of the smallness
of the residual differences, it was difficult to understand
their structure and origin in the final states with two hard
photons.
The improvement due to the introduction of the NLO

correcting weight came at a price. Even though the weight
is analytically simple and the generation of weight 1 events
remained possible, the calculation of the weight required
information on the Born-level coupling constants of the
intermediate Z/γ∗. Also, the direction of the beam was
necessary in the calculation of the weight. These require-
ments are contrary to the modular organization of the
PHOTOS solution, as used in the largeMonte Carlo gener-
ation chains of experimental collaborations. Numerically,
the improvements are rather small and the imperfec-
tions of standard PHOTOS are localized in the corners of
bremsstrahlung phase space populated by photons of very
high energies and angularly well separated from the final-
state muons. Those regions of the phase space weigh less
than 0.005 to the total rate, and the differences in that re-
gion approach 20% of their size. The effects are thus less
than 0.1% of the total rate of the Z decay to muons. That
is why we do not think it justified to complicate the PHO-
TOS algorithm and to enable the use of the NLO correcting
weight in the general case.
The analysis presented here concentrates not only on

the numerical results for the final-state bremsstrahlung in



P. Golonka, Z. Wa̧s: Next-to-leading logarithms and the PHOTOS Monte Carlo 61

Z decay, but also on various aspects of the mathematical
organization of the program for the calculation of radia-
tive corrections in Z production and decay. Separation of
radiative corrections into parts were mentioned as well: (i)
ones embodied in effective couplings of the hard-scattering
process, (ii) final-state QED bremsstrahlung, and (iii)
initial-state bremsstrahlung, eventually with initial-state
hadronic interactions. The effects of QED initial–final-
state bremsstrahlung interference were to a large de-
gree neglected. Such an approach is reasonable in the
leading-pole approximation for the Z, but at a certain
precision level the effects may need to be taken care
of. For the time being the results of [27] can be used
instead.
Thanks to the analytic form of the kernel used in PHO-

TOS for the single-photon emission, the analysis presented
here may easily be extended to other decay channels, if a
high precision is required and a calculation of matrix elem-
ents is available. The study for the case of B meson decay
into a π±(K±) pair, where non-relativistic details of phase-
space parametrization are given, is now completed [28].
In this case the question of the reliability of scalar QED
for the calculation of photons of high pT, with respect
to charged scalars, needs to be addressed. A natural ex-
tension of the study of the systematic error in PHOTOS
simulations, as presented here, would be the discussion of
bremsstrahlung inW and Higgs boson decays.
The decays of theW and Higgs bosons are probably the

only ones where formal studies of the NLO terms, similar
to the ones presented in this paper, can be performed. As
was the case with Z decays, those cases will also be limited
to the leading-pole approximation.
For other decay channels, the correction weight can be

applied as well; however, in most cases the part of the
weight going beyond soft and/or collinear regimes may
need to be constructed with the help of the fits to the
data. Let us stress that the unique design of PHOTOS,
enabling the use of the same kernel for multiple-photon ra-
diation (exponentiated) mode and at fixed first, second,
third, and fourth orders, establishes a convenient environ-
ment for such fits of the form factors to the data. At the
same time the analytical form of such form factors can be
taken from the first-order analytic calculations based on
effective theory, or from any other model. Technically the
NLO correcting weight of PHOTOS is integrated as an in-
ternal correcting weight.10

Finally, let us stress that the approximations intro-
duced in PHOTOS affect only the matrix elements and
not the phase space. The generation of the latter is based
on the tangent space constructed from an eikonal approx-
imation and used also for hard photons, even of ener-
gies above the available maximum enforced by energy-
momentum conservation. This is similar to the case of the
classical exclusive exponentiation. However, the energy-
momentum constraints are introduced for each individual

10 This is important, because it points to the possibility of
repeating the study presented here for any other distribution.
That is, for realistic observables as those used in future or past
measurements.

photon step by step. Conformal symmetry is not used in
that procedure.
In principle, if necessary, complete higher-order matrix

elements can be incorporated with the help of correcting
weights. This point goes beyond the scope of the present
paper. This is equally true for the possible extensions of
PHOTOS algorithm to simulations in QCD.
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